Introduction
We shall use the term closed category (see [16] ) instead of the term symmetric monoidal closed category used in [6] . It is known (see [3] ) that any epireflective subcategory of the category 9 of all topological spaces and continuous maps admits exactly one structure of closed category. Brandenburg and HuSek proved in [2] that any reflective subcategory of the category 9 containing a discrete doubleton is not Cartesian closed. The result presented in this paper completes these two results. We shall prove that if & is a reflective subcategory of the category F containing a discrete doubleton and (0, H) a closed structure on ~4, then for any X, YE &, H(X, Y) is the space of all continuous maps from X to Y endowed with the topology of pointwise convergence, i.e., there exists at most one closed structure on &. Moreover, the property of being closed under the formation of function spaces with the topology of pointwise convergence is sufficient for the existence of a closed structure on &. As an application we shall show that, for example, many known epireflective (i.e., productive and closed-hereditary) subcategories of the category of all Hausdorff spaces do not admit a closed structure so that they are not closed under the formation of function spaces with the topology of pointwise convergence.
Preliminaries and notations
All undefined terminology is that of [lo] . We shall always use the following UX denotes the underlying set of X.
Recall (see [16] ) that a triple (Sy, 0, H) is said to be a closed category provided that (&, Cl) is a symmetric monoidal category (see [ 16, H( B, C) ).
A tensor product is a symmetric monoidal structure extendable to a structure of closed category. space is said to be a filter space and denoted by (A, a, 5). If 9 is an ultrafilter, then (A, a, 9) is said to be an ultraspace.
A filter space (A, a, S) is said to be N-incomplete provided that the filter 9 is N-incomplete, i.e., there exists a family {F, : n E N} c 9 such that n {F, : n E N} = 0 (see [41). 
Closed structures on reflective subcategories of the category 9
Our aim is to prove that reflective subcategories of the category 27 that contain a discrete doubleton have such properties that the method used in [3] for epireflective subcategories of 9 works also in this case.
The following assertion follows from [5] (it can be easily proved directly): It is obvious that the epireflective hull Z?(9) of the class 9 of all discrete spaces is the category of all zero-dimensional Hausdorff spaces. Since S(9) is co-wellpowered 9 has also a reflective hull %(63) which coincides with the epireflective hull of 63 in g(9) (see Theorem 1.4(b)). Now, we can prove the following: 
(see [13] ) it belongs to the epireflective hull of SQ and we can assume that K 0 L is a subspace of R( K 0 L) and r(t) = t for each t E K 0 L. It can be easily shown (slightly adapting e.g. the proof of 2.8 in [3] ) that the unique extension 
(K OL) for every t E R(K OL) -(KOL) (g is continuous). Hence, if there exists t E R(K 0 L) -(K @L) with t E cl M in R(K @L), then t E cl M' in R(K @L). It is obvious that M' is a clopen discrete subspace of KO L so
that K @ L = M'U X where X is the subspace of K 0 L given by the set (K 0 L) -M'.
Then R(K@L)=R(M')UR(X)=M'UR(X).
Since tEM', teR(X) so that
Now it is easy to see that we can continue in the same way as in [3] , using 2.8-2.25
of [3] with only formal modifications. Namely, we change the meaning of ti (according to Convention 2.3) and substitute "extremal &epimorphism" by "regular It is easy to see that the space N can be replaced by an arbitrary infinite discrete space in Proposition 2.15.
Applications and examples
First of all we give an example of a closed reflective subcategory of Y that is not epireflective in Y. Recall that a To-space X is said to be sober provided that for any nonempty irreducible closed subset A of X there exists a E A with cl {a} = A (see [ll] ). The category Y of all sober spaces is the reflective hull of the Sierpinski doubleton and it is an epirellective subcategory of the category Y0 of all To-spaces. Denote by %' the category of all totally disconnected spaces. It is known that x is the extremal-epireflective hull of the space D2 (the discrete space on the set (0, 1)). Recall that the meaning of ti is given by Convention 2.3. Proof. The category of all zero-dimensional Hausdorff spaces is the smallest epireflective subcategory of 9 containing D2 (see [8] ). 0
Denote by I the closed unit interval with the usual topology. Recall that a space X is said to be functionally Hausdorff provided that for any x, y E X with x # y, there exists a continuous Note that in the case of reflective subcategories of the category of topological spaces we have obtained a similar result as in [ 151 for varieties of algebras. But in general there are topological categories (over the category of sets) with many closed structures.
In [12] Kelly and Rossi constructed for any cardinal (I a (fibre small) topological category of quasitopological spaces with (at least) a different closed structures and they also showed that the category of all quasitopological spaces which is not fibre small has a collection of closed structures equivalent to a proper class. In the following example we give a very simple construction of topological categories with many closed structures. is a continuous map. It is easy to see that %'" is a topological category. Now for any subset B of a we can define a tensor product OS as follows: For any (X, u), (Y, v) E %", (X, u)Us( Y, v) = (Xx Y, w) where for each x E B w(x) is the topology
